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Let ¢(G) denote the number of circuits of a graph G. In this paper, we characterize
those minor-closed classes ¥ of graphs for which there is a polynomial function p(.) such that
<(G)<p(|E(G)]) for all graphs G in ¥.

1. Introduction

Perhaps the most simple way to solve an optimization problem is to list all its
feasible solutions and then choose among them the best. In general, this exhaustive
algorithimn is not very efficient simply because there are too many feasible solutions.
However, under certain circumstances, it solves the problem very quickly.

Suppose one is interested in finding the best circuit, with respect to certain
criteria, of a graph G. Depending on the criteria, one may design different kinds
of algorithms to solve this problem. However, no matter what the criteria are, if
¢(G), the number of circuits of G, is relatively small, one may always solve the
problem by using the exhaustive algorithm. Clearly, the exhaustive algorithm runs
in polynomial time if and only if ¢(G) is bounded by a polynomial function of
|E(G)] (of course we need to assume that it takes polynomial time to compare any
two circuits, with respect to the given criteria). Yet we observe that for a fixed
graph G, it does not make any sense to say c(G) is relatively big or relatively small
because both ¢(G) and |E(G)| are fixed numbers. Therefore, we need to consider
classes ¢ of graphs instead of individual graphs. The main question to be answered
in this paper is: for which ¥, do there exist a polynomial function p(.) depending
only on ¥ such that ¢(G) <p(|E(G)]) for all graphs G in ¥? If such a polynomial
exists, we will call ¢ a poly-class.
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Let Cp, and Ly be graphs as illustrated in Figure 1. Let 8 = {Cp :n > 3}
and let £ = {Lp : n>2}. The graphs in 6 and £ shall be called double circuits
and cross ladders, respectively. It is not difficult to check that ¢(Cr)=2"+n and

¢(Ly) = 2"t —3n —1. Thus a necessary condition for a class of graphs to be a
poly-class is that it contains only finitely many graphs in §U¥£.
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Figure 1. A double circuit Cp, and a cross ladder Ly,

A graph H is a minor of a graph G if H can be obtained from a subgraph of
G by contracting edges. Clearly, ¢(H)<¢(G) if H is a minor of G. To simplify our
question, we assume that % is minor-closed. That is, a minor of a member of % is
also a member of ¥. Our main result of this paper says that if we only consider
minor-closed classes ¥ of graphs, then the necessary condition mentioned above is
also sufficient for & to be a poly-class.

(1.1) Theorem. Let @ be a minor-closed class of graphs. Then ¥ is a poly-class if
and only if $N(BUL) is finite.

In fact, (1.1) is not the first theorem of this kind. Let M, be a matching
with n edges and let Ml = {Mpn :n >1}. Let i(G) denote the number of maximal
independent vertex-sets of a simple graph G. Clearly, 1(M,)=2" for all n>1. The
next is a reformulation of a result due to Balas and Yu {1].

(1.2) Let ¥ be a class of simple graphs that is closed under taking induced sub-
graphs. Then there is a polynomial function p(.) such that i(G) <p(|V(G)|) for all
graphs G in % if and only if $NA is finite.

There are a few more results of this kind. Let ¢(G) denote the number of
spanning trees of a graph G. For i = 1,2,3,4,5, let each Tf; be the graph as
illustrated in Figure 2. Clearly, t(K3,)=n2""1 and ¢(T¢)=2" for all i. Let
g be the union of {K3,:n>1} and {T::i=1,2,3,4,5, and n>3}. Then the
following holds-[3].

(1.3) Let ¥ be a class of graphs that is closed under taking topological minors.

Then there is a polynomial function p(.) such that (@) <p(|E(G))) for all graphs
G in % if and only if YN J is finite.

If % in (1.3) is minor-closed, then we can make a stronger statement. Let b(M)
denote the number of bases of a matroid M. Let U7 2 be the two-element uniform
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Figure 2. These graphs have many spanning trees

matroid of rank one. Let U, be the direct sum of n mutually disjoint copies of Uy 3.

Obviously, b(Up)=2" for all n > 1. Let U ={Uyp:n>1}. The following is another
result of the author [4].

(1.4) Let F be a fixed finite field and let # be a class of F-representable matroids
that is closed under taking minors. Then there is a polynomial function p(.) such
that b(M) <p(|E(M)]) for all matroids M in ¥ if and only if ¥ NU is finite. N

Let P, denote the double path of length n, the graph as illustrated in Figure
3. Then let P={P,:n>0} and let a(G) be the number of paths of a graph G. It

is not difficult to check that a(Pp)=2"t%2—n—3 for all n>0. The author proved
the following in [5].

X X X X Xq

Figure 3. A double path Pn

(1.5) Let % be a minor-closed class of graphs. Then there is a polynomial function
p(.) such that a(G) <p(|V(G)|+|E(G)|) for all graphs G in ¥ if and only if $NP
is finite.

From the algorithmic point of view, theorems presented in this section can be
considered as characterizations of classes of various combinatorial objects for which
the exhaustive algorithm runs in polynomial time. The rest of the paper is to prove
(1.1). We shall prove, essentially, that a “well connected” graph with a long double
path minor must have C,, or L, as a minor for some large n.

2. Producing a long double circuit minor

In this section, we derive a sufficient condition under which the existence of
a long double path minor implies the existence of a long double circuit minor.
Naturally, only loopless graphs are considered in this section.
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Let G be a graph. For any F C E(G) and Z CV(G), the graphs obtained from
G by deleting edges in F, contracting edges in F, and deleting vertices in Z shall
be denoted by G\ F', G/F, and G — Z, respectively. If F={e} or Z={z}, then we
denote G\ F, G/F, and G- Z by G\e, G/e, and G — z, respectively. Besides, we
will denote by [n] the set {1,...,n} while [0] will be interpreted as the empty set.

Let G be a 2-connected graph. A 2-separation of G is an ordered pair (G1,G2)
of subgraphs of G for which E(G;) = E(G) — E(G2), |V(G1)NV(Ge)| =2, and
both V(Gy) and V(G3) are proper subsets of V(G). Clearly, (G2,G;) is also a
2-separation of G if (G1,G2) is. Notice that the last requirement in our defini-
tion makes our 2-separations differ from ordinary ones. A 2-separation (G,G3)
separates two vertices x and y of G if

Hz,w} N (V(G1) - V(G2))l = {z,u} N (V(G2) - V(G1))l = 1.

A sequence (G1)1,G1,2),...,(Gm,1,Gm,2) of 2-separations of G is nested if either the

sequence does not have any term or m is positive such that for every i in [m—1},
G;,1 is asubgraph of G111 and V{G; (| )NV{G; 2) #V(G;41,1)NV(Gi41,2). Finally,
a P, minor of G is between x and y if x and y are contracted to the two end-vertices
of P,. Now the main result of this section can be stated as follows.

(2.1) Theorem. Let m and n be integers for which m >0 and n>2. Let « and y
be two vertices of a 2-connected graph G. Suppose that G has a P33 1) minor

between x and y. In addition, suppose that every nested sequence of 2-separations
separating x and y has at most m terms. Then G has C+1 as a minor.

We shall break the proof of (2.1) into the proofs of a few lemmas. We first
recall a theorem of Dilworth [2].

(2.2) A poset can be partitioned into k chains if k is the size of its largest antichain.

The following is an immediate corollary of (2.2).

(2.3) Let n be a nonnegative integer. Then a poset with n? elements must have an
antichain of size n+2 or a chain of size n.

An {xz,y}-path is a path for which the two end-vertices are z and y. If X and
Y are sets of vertices, then a path is between X and Y if it is an {z,y}-path for
some z in X and y in Y. The following is a corollary of (2.3).

(2.4) Let P!, P2, and P3 be internally vertex-disjoint {z,y}-paths of a graph G.
Suppose for some integer n exceeding one, that G — V(P3) has n? vertex-disjoint
paths between V(PY) —{z,y} and V{P%) —{z,y}. Then G has Cp4, as a minor.

Proof. Let z,21,...,z,,y be the vertices of P!, and let z,y1,...,ys,y be the vertices
of P2, where the vertices are listed in the order as in the paths. Let @y,...,Q,2
be vertex-disjoint paths of G —V(P3) between V(P!) — {x,y} and V(P?) - {z,y}.
Then each Q; is an {zr,,ys, }-path for some r; €[r] and s; € [s].
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Let 2={Q1,...,@,2}. Then for any two paths @; and @; in 2, let Q; 2Q; if
r;<rj and s;<s;. It is clear that 2 is partially ordered by <. By (2.3), there is a

subset 2’ of 9 such that 2’ is either an antichain of size n+2 or a chain of size n.
In both cases, it is not difficult to see that the subgraph of G that consists of P?,

P2 P3, and the members of 2’ has Cy,11 as a minor. ]

‘We also need Menger’s Theorem in the following form. Suppose that G; and
G are two subgraphs of a graph G for which

V(G1))NV(Gy) =8, V(G1)UV(G2) =V(G), and E(G1)UE(G2)= E(G).

Then (G1,G2) is called a O-separation of G. If X and Y are subsets of V(Gy) and
V(Gq), respectively, then we say that (G1,G2) separates X and Y.

(2.5) Let X and Y be disjoint sets of vertices of a graph G. Suppose that G has
at most k vertex-disjoint paths between X and Y. Then there exists a subset S of
V(G) of size at most k such that G— S has a O-separation separating X — S and
Yy-8S.

With the preparations above, now we can prove the following lemma.

(2.6) Let n be an integér exceeding one. If G is a graph for which there are two
vertices x and y such that GG has three internally vertex-disjoint {x,y}-paths and a
Pj,,3 minor between = and y, then G has Cp41 as a minor.

Proof. Let P!, P2, and P3 be three internally vertex-disjoint {z,y}-paths of G.
For each i=1,2,3, let X;=V(P*)~{z,y}. By (2.4), we may assume that G—{z,y}
has at most 2n2 —2 vertex-disjoint paths between X1 and XoUX3. Thus, by (2.5),
there exists a subset 81 of V(G) such that {z,y}C Sy, |S1]<2n?, and G-S; has a O
separation (G1,G’) separating X1—S; and (X2UX3)—S1. Without loss of generality,
let us assume that X; —S1 CV(G1). Now by (2.4), we may assume that G’ has at
most n2—1 vertex-disjoint paths between X —S1 and X3—S5;. Therefore, by (2.5)
again, we deduce that there exists a subset S of V(G’) such that |S3/<n?—1 and

G'— 8, has a O-separation (Gg,G3) separating Xo—S and X3-S, where S=.5;USs.
Without loss of generality, let us assume that X~ SCV(G3) and X3—SCV(G3).

Clearly, |S]<3n?—1 and G —§ is the disjoint union of Gy, G2, and G3.

Since G has a P33 minor between z and y, there exist vertex-disjoint connected
subgraphs Ho, Hi,...,Hg3,s of G such that z €V (Hp), y€V (Hs,3), and for all 7 in

[3n3], there are two edges €],e! between V(H;_1) and V(H;). Let I be the set of
indices 1 for which V(H;)NS+#®. From the choice of S it is clear that both 0 and

3n3 are in I. Let J=[3n3]|—1 and let j€J. Then H; is a subgraph of G— 5. Since
it is connected, H; is a subgraph of some Gy. Moreover, if j —1 is also in J, then

e;- and e;-’ must both belong to E(G},). This implies that H;_1 is also a subgraph
of Gy. Therefore, whenever i1 and 7o are members of I such that i9 —i; > 1 and
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[i2 — 1] — [i1] € J, there must be a G}, containing H; as a subgraph for all j in
[ia = 1] =[a1]. |
Since 0 and 3n3 are in I, the set J can be partitioned into fewer than |7|

consecutive sets of integers. Notice that |I] <|S|<3n%—1. Thus |J|>3n3 —|I|>
(n=1)(|I] —1). It follows that there are two members i1 and iy of I such that
[i2—1]—[i1] € J and ig —1—14; > n. Clearly, there is a graph G}, containing H; as
a subgraph for all j in [ig — 1) —[i;]. Let &’ €{1,2,3} —{k}. Then it is clear that
V(P¥) does not meet any of V(H;) for j in [ig — 1] — [i1]. Let ¢} € [i;]U{0} be
maximum and i € [3n3] - [i2 — 1] be minimum such that both V(Hi"l ) and V(H,vz)
meet V(Pk,). Now it is clear that the subgraph of G that consists of P¥' subgraphs
H; with i} <j <15, and all edges e;-, e;’ with ¢} <j <, has Cp41 as a minor. ]

Let (G1,G2) be a 2-separation of a 2-connected graph G. Let V(G1)NV(Ga) =
{u,v}. Then, for i=1,2, we define G} to be the graph obtained from G; by adding
a new edge between uw and v. Furthermore, if H is a subgraph of G, then for each

i in {1,2}, let H* be the subgraph of G} induced by V(H)NV(G;). The following
is an obvious observation.

(2.7) Let (G1,G2) be a 2-separation of a 2-connected graph G. If H is a connected
subgraph of G, then H* is a connected subgraph of Gy if V(H)NV(G;)#80.

(2.8) Let x and y be two vertices of a 2-connected graph G. Suppose that G has a
2-separation (G1,G9) separating x and y. Also, for some positive integer k, suppose
that G has a Py, minor between x and y. Let V(G1)NV(Gg) = {u,v}. Then, for
some w in {u,v}, G} has a Py, minor between z and w, and G} has a Py, minor
between w and y, where k1 and ky are nonnegative integers for which ki +ko=k.

Proof. Since G has a P, minor between z and y, there exist vertex-disjoint
connected subgraphs Hy, Hi,...,Hy of G such that x € V(Hyp), y € V(Hy), and

for all ¢ in [k], there are two edges €},€] between V(H;_;) and V(H;). We first
prove the following.

(1) If {e},e/ }NE(G1)#9, than {€],e]} CE(G1) for all j in [i—1].

Let e; be a member of {e;,¢;'} N E(G1) and let ; be a member of {ef, e} for
some j in [i—1]. Since ¢; and e; are used in a double path minor between x and
Yy, G must have an {z,y}-path P using both e; and e;. Let X, Y, and Z be the
three connected components of P\{e;,e;}. If ¢; is not in E(Gy), then X, Y, and Z

constitute a set of three mutually vertex-disjoint paths between V(G1) and V(Gy).
This is certainly impossible since (G1,G?) is a 2-separation. Therefore, e; must be

in F{G1) and thus (1) is proved.



BOUNDING THE NUMBER OF CIRCUITS OF A GRAPH 337

From (1) we conclude that there exists i in [k] such that {e},e]} C E(G1) for
all j in [i~1], and {€}, €]} CE(G?) for all j in [k]—[i]. Now we define k; as follows.
If {e},e/}NE(G;)#0 for all j in {1,2}, then let ki =i. If {e],e/}NE(G;)#0 for

only one j in {1,2}, then let ky =i—j+1. It is straightforward to verify that
(2) {e;ﬂ,ezl}ﬂE(Gl)#@ il k1 #£0, and {e;CIJrl,eZlJrl}ﬂE(Gg);é@ ifky#k.

Consequently, V(Hy,) meets both V(G1) and V(G3). Therefore, V(Hy, )N
{u,v} #0. Let we€ V{H, )n{u,v}. Now we prove that G7 has a Py, minor between
x and w. The proof of “Gj has a P,_j, minor between w and y” is similar.

Without loss of generality, let us assume that k; >0 and e;n € E(Gy). Then
for each integer j with 0 <j < kq, we must have V(H;)NV(G1)# 0. This claim
is clear if j =0 because x is in V(Hp)NV(G1). 1f j is in [ky], then by (1) and
our assumption that e}cl € E(Gq), the edge e;- must be in E(Gy). Therefore, the
vertices of H; that are incident with ¢ are in V{G1), as required. Now by (2.7),
H}, .., Hél are connected subgraphs of G7. Since V(H}) =V (H;)NV(Gy) for all
j=0,1,...,kq, it follows that

(3) eg and e'j’ are between V(H;_l) and V(H]I) for all j in {ky — 1], and e'kl is
between V(H,il_l) and V(H,%l),

If exl is in £(G1), then it is clear that the subgraph of G consisting of Hé, e
H,%l and €f,€f, ..., e’kl, e%l has a Py, minor between z and w. If e’k'l is in E(G?),
then both V(Hy, 1) and V(Hy, ) meet {u,v}. Therefore, the new edge e of G7 is
between V(H,%l_l) and V(Hé1 ). Now it is clear that the subgraph of G} consisting
of H, ..., Hél and €] ,€f, ..., e;ﬁ_l,egl_l, e’kl,e has a Py, minor between = and

w. The proof of (2.8) is complete. |

Finally, we are ready to prove (2.1).

Proof of (2.1). We proceed by induction on m. If m = 0, then there is no 2-
separation separating x and y. It follows that G has three internally vertex-disjoint
{z,y}-paths. Thus the result follows from (2.6).

Suppose now there is at least one 2-separation separating « and y. Choose such
a 2-separation (G1,G2) for which [V(G1)| is minimum. Let V(G1)NV(Gg)={u,v}.
Then, by (2.8), there is a vertex w in {u,v} such that G7 has a P}, minor between
and w, and G3 has a Py, minor between w and y, where k1 and ky are nonnegative

integers for which ky 4+ke =3n3(m+1). Clearly, we have

(1) GT and G are 2-connected, and
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(2) GT and G% are minors of G.

From the minimality of |V (G1)|, we also observe that

(3) there is no 2-separation of G} separating x and w.

Furthermore, whenever (G11,G12), --., (Gk,1,Gk,2) is a nested sequence of 2-
separations of G} separating w and y, (G1,G2), (G1,1,G1,2), .-+, (Gk,1,Gk,2) must

be a nested sequence of 2-separations of G separating x and y. Thus we conclude
that

(4) every nested sequence of 2-separations of G5 separating w and y has at most
m—1 terms.

Since kj + kg =3n3(m+1), we must have k; >3n3 or k3 >3n3m. But in either
case, we deduce from (1), (3), (4), and our induction hypothesis that G} or G%

has Cp41 as a minor. Thus, by (2), G has Cr1 as a minor. The proof of (2.1) is
complete. 1

3. A proof of Theorem (1.1)

Let e; and ey be two edges of a 2-connected graph G. Then a 2-separation
(G1,G2) of G separates ey and ey if

l{e1,e2} N E(G1)| = [{e1,e2} N E(G2)| = 1,

and each e; is incident with at most one of the two vertices in V(G1)NV(Gy). Let
A be the graph obtained from K3 by adding a parallel edge. If G has A or Ky as a
minor such that eq and ey appear in the way as illustrated in Figure 4, then we say
that G has A(ey,eq) or Ky(ey,e2), respectively, as a minor. We begin by proving

the following lemma.

Figure 4. A(ep,e2) and K4(ey,eq)

(3.1) Let e; and ey be two non-parallel edges of a 2-connected graph G such that
there are no 2-separations separate them. Suppose that G\ e is 2-connected for
every edge e€ E(G)— {e1,e2}. Then G has A(ej,ez) or Ky4(e1,e2) as a minor.

Proof. Since G is 2-connected, there must be a circuit C of G containing both
e1 and e3. Let X and Y be the two paths obtained from C by deleting e; and
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eg. Let 1,...,zy, be all vertices of X and let yq,...,y, be all vertices of Y, where
the vertices are listed in the order as they appear in the paths. Without loss of
generality, let us assume that e;j =2;y; and ea =z yn.

A subgraph H of G is a bridge (with respect to C) if either H consists of a
single edge of E(G)—FE(C) for which the end-vertices are in V(C), or H is obtained
from a connected component J of G—V(C) by adding all edges between V(C) and
V(J). Vertices in V(C)NV(H) shall be called the attachments of H. Since G is
2-connected, G has no bridge with fewer than two attachments. Suppose G has a
bridge H for which there are two attachments u and v such that {u,v} CV(X) or
{u,v} CV(Y). Let P be a {u,v}-path of H. Then it is easy to see that the subgraph
of G consisting of C and P has A{ej,e2) as a minor. Thus, we may assume that

(1) every bridge has exactly two attachments, one is in V(X) and one is in V(Y').

A bridge H is called an (i,j)-bridge if z; and y; are the two attachments of
H. Since e; and ey are not in parallel, C must have an edge e other than e; and
eo. By the assumption of (3.1), G\e is 2-connected. It follows that G has an (4, j)-

bridge H for which (i,5) # (1,1) or (m,n). Let B; be the set of (i’,5)-bridges for
which i <i and j' <j. Also, let B be the set of (i/,5')-bridges for which i’ > i,
4’ >7, and i’ +j' >i+j. Now we show that there is a bridge not in $; UB9. Let
k€{1,2}. Then let C* be the {z;,y;}-path of C for which e € E(C*). Also, let Gy,
be the subgraph of G that consists of C* and the bridges in Bj. Clearly, (G1,G2)

would be a 2-separation of G that separates e and e if there are no other bridges.
Therefore, there is an (¢’,j’)-bridge H' such that (¢ —i)(j' —j) <0. Let P be an

{zi,y;}-path of H and let P’ be an {x;,y; }-path of H'. Then it is easy to see that

the subgraph of G that consists of C, P, and P’ has K4(e1,e2) as a minor. The
proof of (3.1) is complete. 1

The next is another lemma we need in proving our main result.

(3.2) Let G be a 2-connected graph such that G\ e is still 2-connected for every
edge e of G. Suppose that G has a nested sequence of 2-separations with at least
2n—1 terms, where n is an integer exceeding one. Then G has Cp41 or Ly as a
minor.

Proof. Choose a nested sequence (G1,1,G12), ..., (Gm,1,Gm,2) of 2-separations of
G such that m is maximum. Intuitively, these 2-separations separate G into m+1
graphs, each of which is a minor of G. We shall make it more precise as follows. Let
H; =G’{,1 and let Hp11 =G}, 5. Then, for each i in [m—1], let V;=V(G; 1)V (G; 2)
and let H; 1 be the graph obtained from (G} ; 1\E(Gi,1))—(V(Gi,1)-V;) by adding
an edge between the two vertices u; and v; of V;. Furthermore, for each H;, we
choose two edges from it as follows. Suppose i=1. First, let e; 1 be an edge of H;

that is between u; and vy. Since V(H;)# V), the graph H; must have an edge not
parallel to ey ;. Let e1 2 be such an edge. If i=m+1, then ¢; 1 and e; 2 are chosen
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similarly. If ¢ is between 1 and m+1, let e; 1 be an edge of H; between u;_1 and
vi—1, and let e; 5 be an edge of H; between u; and v;.

Let us consider the graph H;. Since G is 2-connected, it is clear that H; is
also 2-connected. From the definition of a nested sequence of 2-separations and the
choice of each e; ; we conclude that e; 1 and e; z are not parallel. In addition, we
deduce from the maximality of m that H; does not have a 2-separation separating
e;,1 and e; 2. Since G\ e is 2-connected for every edge e of G, it follows that H;\e
is also 2-connected for every edged ¢ in E(H;)—{e; 1,€;2}. Therefore, we conclude
from (3.1) that H; has A(e;1,e;2) or K4(e;1,€;2) as a minor.

Let m; be the number of indices 4 for which H; has A(e; 1,€;2) as a minor. If
m1 >n+1, then it is clear that G has Cp, 41 as a minor. Thus we may assume that
m1 <n. Since m>2n—1, it follows that there are at least n indices ¢ for which H;
has K4(ei,1,ei,2) as a minor. In this case, clearly, G has Ly {1 as a minor. ]

We also need the following immediate corollary of (1.6) and (4.3) of [5].

(8.3) For every positive integer k there exist positive integers e, and 8y, having the
following property. If a graph G does not have Py as a minor, then a(G) < |V(G)|+

a| E(G)|P.

Proof of (1.1). The “only if” part is clear and so we only need to consider the “if’
part. Let n be an integer exceeding one such that Cp41 and L,41 are not in .
Let o = azps(an_1) and B = B3p3(2,—1)- Let p(z) = az*1, We shall prove that
c(G) <p(|E(GQ)|) for all graphs G in ¥. ,

We proceed by induction on |V(G)|+ |E(G)|. The result is clear if |V(G)|+
|E(G)| =0 and hence we shall assume that |V(G)|+ |E(G)| > 0. If G is not 2-
connected, let Gj,...,G; be its maximal 2-connected subgraphs. Clearly, ¢(G) =
c(G1)+...+¢(Gy) and (E(G1),...,E(Gt)) is a partition of F(G). Since 82> 1, we
conclude from our induction hypothesis that

c(G) < ol E(G)PTL + ...+ o| B(Gy)|PT! < p(|E(G))),

as required.

Now let us assume that G is 2-connected. If G has an edge e for which G\e is
not 2-connected, then it is not difficult to see that ¢(G)=c(G/e). Again, the result
follows from our induction hypothesis. Thus we may assume that for every edge e
of G, the graph G\ e is still 2-connected. _

Since Cp+1 and Ln+1 are not in ¥ and & is minor-closed, G does not have
Cp+1 of Lpty as a minor. It follows from (3.2) that no nested sequence of 2-
separations of G can have 2n—1 terms. Thus we deduce from (2.1) that G does not
have P3,3(9,_1) as a minor. From (3.3) and our choice of o and 3 we know that

a(G) <|V(G)| +a|E(G)|P. But every vertex of G is a path of G, so G has at most
o|E(G)|? paths P for which E(P)#0.
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For each cirenit C of G, let us fix an edge e of C. Clearly, since « and 3 are
positive integers, we may assume that G is not a loop. Suppose that each set of
parallel edges of G has at most k members. Then for every path P with EF(P)#0,
it is clear that G has at most k circuits C for which P = C\ ep. Therefore,

(@) < k| E(GYP <p(|E(G)]), as we wanted. 1
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