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Let c(G) denote the number of circuits of a graph G. In this paper, we characterize 
those minor-closed classes ~ of graphs for which there is a polynomial function p(.) such tha t  
c ( a )  _<p([E(G)I) for all graphs G in ~. 

1. I n t r o d u c t i o n  

Perhaps the most simple way to solve an optimization problem is to list all its 
feasible solutions and then choose among them the best. In general, this exhaustive 
algorithm is not very efficient simply because there are too many feasible solutions. 
However, under certain circumstances, it solves the problem very quickly. 

Suppose one is interested in finding the best circuit, with respect to certain 
criteria, of a graph G. Depending on the criteria, one may design different kinds 
of algorithms to solve this problem. However, no matter  what the criteria are, if 
c(G), the number of circuits of G, is relatively small, one may always solve the 
problem by using the exhaustive algorithm. Clearly, the exhaustive algorithm runs 
in polynomial time if and only if c(G) is bounded by a polynomial function of 
IE(G)I (of course we need to assume that it takes polynomial time to compare any 
two circuits, with respect to the given criteria). Yet we observe that  for a fixed 
graph G, it does not make any sense to say c(G) is relatively big or relatively small 
because both c(G) and IE(G)] are fixed numbers. Therefore, we need to consider 
classes ~ of graphs instead of individual graphs. The main question to be answered 
in this paper is: for which ~, do there exist a polynomial function p(.) depending 
only on t~ such that  c(G) <_p(tE(G)I) for all graphs G in ~? If such a polynomial 
exists, we will call ~ a poly-class. 
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Let Cn and Ln be graphs as illustrated in Figure 1. Let ~ = { C n : n > 3 }  
and let Z = {Ln : n > 2}. The graphs in ~ and Z shall be called double circuits 
and cross ladders, respectively. It is not difficult to check that  c(Cn)= 2 n +  n and 

c(Ln) -~ 2 n+l - 3 n -  ]. Thus a necessary condition for a class of graphs to be a 
poly-class is that  it contains only finitely many graphs in ~ U~. 
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Figure 1. A d o u b l e  c i r c u i t  Cn a n d  a c r o s s  l a d d e r  Ln 

A graph H is a minor of a graph G if H can be obtained from a subgraph of 
G by contracting edges. Clearly, e(H) < c(G) if H is a minor of G. To simplify our 
question, we assume that ~ is minor-closed. That  is, a minor of a member of ~ is 
also a member of $. Our main result of this paper says that  if we only consider 
minor-closed classes ~ of graphs, then the necessary condition mentioned above is 
also sufficient for ~ to be a poly-class. 

(1.1) Theorem. Let ~ be a minor-closed class of graphs. Then ~ is a poly-class if 
and only i f ~ N ( ~ U ~ )  is finite. 

In fact, (1.1) is not the first theorem of this kind. Let Mn be a matching 
with n edges and let J~ = {Mn : n ~_ 1}. Let i(G) denote the number of maximal 
independent vertex-sets of a simple graph G. Clearly, i(Mn) = 2 n for all n_> 1. The 
next is a reformulation of a result due to Balas and Yu [1]. 

(1.2) Let ~ be a class of simple graphs that is closed under taking induced sub- 
graphs. Then there is a polynomial function p(.) such that i(G) _<p(]V(G)[) for all 
graphs G in ~ if and only if ~ nJ/L is finite. 

There are a few more results of this kind. Let t(G) denote the number of 

spanning trees of a graph G. For i = 1,2,3,4,5, let each Tn / be the graph as 

illustrated in Figure 2. Clearly, t (K2,n)=  n2 n-1 and t (T/ )  - -2  n for all i. Let 

5 be the union of {K2,n:n>_]} and {Tin:i=1,2,3,4,5, andn_>3} .  Then the 

following holds [3]. 

(1.3) Let $ be a class of graphs that is closed under taking topological minors. 
Then there is a polynomial function p(.) such that t(G) <_p(IE(G)J) for all graphs 
G in ~ if and only i f ~ n J  is finite. 

If $ in (1.3) is minor-closed, then we can make a stronger statement. Let b(M) 
denote the number of bases of a matroid M. Let U1,2 be the two-element uniform 
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a2 ~ a2 

b, b~ b. b 

Figure 2. These graphs  have many  spann ing  trees 

matroid of rank one. Let Un be the direct sum of n mutually disjoint copies of U1,2. 

Obviously, b(Un)= 2 n for all n > 1. Let U = {Un: n > 1}. The following is another 
result of the author [4]. 

(1.4) Let F be a fixed finite field and let ~ be a class of F-representable matroids 
that is closed under taking minors. Then there is a polynomial function p(.) such 
that b(M)~_p([E(M)]) for all matroids M in ~ if and only if27 N U is finite. , 

Let Pn denote the double path of length n, the graph as illustrated in Figure 
3. Then let ~ = {Pn :n > 0} and let a(G) be the number of paths of a graph G. It 

is not difficult to check that a(Pn)= 2 n+2-  n - 3  for all n > 0. The author proved 
the following in [5]. 

~ x ~  
Figure 3. A double  pa th  Pn 

(1.5) Let ~ be a minor-closed class of graphs. Then there is a polynomial function 
p(.) such that a(G) <_p(lV(G)l + IE(G)[) for all graphs G in ~ if and only i f ~ n ~  
is finite. 

From the algorithmic point of view, theorems presented in this section can be 
considered as characterizations of classes of various combinatorial objects for which 
the exhaustive algorithm runs in polynomial time. The rest of the paper is to prove 
(1.1). We shall prove, essentially, that a "well connected" graph with a long double 
path minor must have Cn or Ln as a minor for some large n. 

2. P r o d u c i n g  a long d o u b l e  circuit minor  

In this section, we derive a sufficient condition under which the existence of 
a long double path minor implies the existence of a long double circuit minor. 
Naturally, only loopless graphs are considered in this section. 
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Let G be a graph. For any F C E ( G )  and ZC_V(G), the graphs obtained from 
G by deleting edges in F,  contracting edges in F,  and deleting vertices in Z shall 
be denoted by G \ F ,  G / F ,  and G - Z ,  respectively. If F = { e }  or Z = { z } ,  then we 
denote G \ F ,  G / F ,  and G - Z  by G \ e ,  G/e, and G - z ,  respectively. Besides, we 
will denote by in] the set {1,. . . ,n} while [0] will be interpreted as the empty set. 

Let G be a 2-connected graph. A 2-separation of G is an ordered pair (G1, G2) 
of subgraphs of G for which E(G1) = E(G) - E(G2), IV(G1) n V(G2)] = 2, and 
both V(G1) and V(Gz)  are proper subsets of V(G).  Clearly, (G2,G1) is also a 
2-separation of G if (G1,G2) is. Notice that the last requirement in our defini- 
tion makes our 2-separations differ from ordinary ones. A 2-separation (G1,G2) 
separates two vertices x and y of G if 

I{x,y} n (V(G1) - v (a2))[  = I{x,y} n ( v ( a 2 )  - v ( a l ) ) t  = 1. 

A sequence (GI,1, G1,2) , . . .  , (Gin, l ,  Gin,2) of 2-separations of G is nested if either the 
sequence does not have any term or m is positive such that  for every i in i ra -1] ,  
G{,1 is a subgraph of Gi+l,1 and V(Gi,1)~V(Gi,2) # V(Gi+I,1)~V(Gi+I,2).  Finally, 
a Pn minor of G is between x and y if x and y are contracted to the two end-vertices 
of Pn. Now the main result of this section can be stated as follows. 

(2.1) Theorem. Let m and n be integers for which m >_ 0 and n > 2. Let  x and y 
be two vertices of a 2-connected graph G. Suppose that G has a P3na(m+l) minor 

between x and y. In addition, suppose that every nested sequence of 2-separations 
separating x and y has at most m terms. Then G has Cn+l as a minor. 

We shall break the proof of (2.1) into the proofs of a few lemmas. We first 
recall a theorem of Dilworth [2]. 

(2.2) A poser can be partitioned into k chains i l k  is the size of its largest antichaJn. 

The following is an immediate corollary of (2.2). 

(2.3) Let n be a nonnegative integer. Then a poser with n 2 elements must  have an 
antichain of size n + 2 or a chain of size n. 

An {x,y)-path is a path for which the two end-vertices are x and y. If X and 
Y are sets of vertices, then a path is between X and Y if it is an {x,y}-path for 
some x in X and y in Y. The following is a corollary of (2.3). 

(2.4) Let p1, p2, and p3 be internally vertex-disjoint {x ,y}-paths  of a graph G. 

Suppose for some integer n exceeding one, that G - V(P 3) has n 2 vertex-disjoint 

paths  etwe . G has c +1 as a minor. 

Proof. Let x, x l , . . . , x r , y  be the vertices of p1, and let x, y l , . . . ,Ys ,Y  be the vertices 
of p2, where the vertices are listed in the order as in the paths. Let QI, . . . ,Qn2 

be vertex-disjoint paths of G -  y (p3 )  between V(P  1) - {x ,y}  and V(P  2) - {x,y} .  
Then each Qi is an {xr~,ys~}-path for some r i 6 Jr] and si 6 is]. 
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Let.~={Q1,...,Qn2}. Then for any two paths Qi and Qj in.2, let Qi~Qj if 

r i < rj and si <_ sj. It is clear that ~ is partially ordered by . By (2.3), there is a 

subset .~l of .~ such that  .21 is either an antichain of size n + 2 or a chain of size n. 
In both cases, it is not difficult to see that  the subgraph of G that  consists of p t ,  
p2, p3, and the members o f ~  I has Cn+l as a minor. | 

We also need Menger's Theorem in the following form. Suppose that  G1 and 
G2 are two subgraphs of a graph G for which 

V(G1) • V(G2) = ~, V(G1) U V(G2) = V(G), and E(G1) UE(G2) = E(G). 

Then (G1,G2) is called a O-separation of G. If X and Y are subsets of V(G1) and 
V(G2), respectively, then we say that (G1,G2) separates X and Y. 

(2.5) Let X and Y be disjoint sets of vertices of a graph G. Suppose that G has 
at most k vertex-disjoint paths between X and Y. Then there exists a subset S of 
V(G) of size at most k such that G - S has a O-separation separating X - S and 
Y - S .  

With the preparations above, now we can prove the following lemma. 

(2.6) Let n be an integer exceeding one. I[ G is a graph for which there are two 
vertices x and y such that G has three internally vertex-disjoint {x, y}-paths and a 
P3n 3 minor between x and y, then G has Cn+l as a minor. 

Proof. Let p 1  p 2  and p3 be three internally vertex-disjoint {x,y}-paths of G. 

For each i=1,2 ,3 ,  let Xi=V(p i ) - {x , y } .  By (2.4), we may assume that  G-{x ,y}  

has at most 2n2 -2  vertex-disjoint paths between X1 and X2UX3. Thus, by (2.5), 

there exists a subset $1 of V(G) such that {x, y} C $1, ISll _< 2n 2, and' G-S1 has a 0- 

separation (G1, G p) separating X1-S1 and (X2UX3)-S1. Without loss of generality, 
let us assume that X1-S1  C_V(G1). Now by (2.4), we may assume that G' has at 

most n 2 - 1  vertex-disjoint paths between X 2 -  $1 and X3-$1 .  Therefore, by (2.5) 

again, we deduce that there exists a subset $2 of V(G') such that IS21 < n  2 - 1  and 

G'-S2 has a 0-separation (G2,G3) separating X 2 - S  and X3-S ,  where S=SzUS2. 
Without loss of generality, let us assume that X 2 -  S C_ V(G2) and 323- S C V(G3). 

Cleaxly, [S[ _< 3n 2 - 1  and G - S  is the disjoint union of G1, G2, and G3. 
Since G has a P3n 3 minor between x and y, there exist vertex-disjoint connected 

subgraphs Ho,H1,...,H3n3 of G such that xEV(Ho), y6V(H3n3), and for all i in 

[3n3], there are two edges e~,e~' between V(Hi-1) and V(Hi). Let I be the set of 

indices i for which V(Hi)nS#t?. From the choice of S it is clear that  both 0 and 

3n a are in I. Let J =  [3n 3] - z  and let j E J. Then Hj is a subgraph of G - S .  Since 
it is connected, Hj is a subgraph of some Gk. Moreover, if j -  1 is also in J,  then 

ejl and ejl' must both belong to E(Gk). This implies that Hj-1 is also a subgraph 

of Gk. Therefore, whenever il and i2 are members of I such that i2 - il > 1 and 
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[i2 - 1] - [il] C_ J,  there must be a G k containing Hj as a subgraph for all j in 

[ i s  - 1] : [ i l ] ,  

Since 0 and 3n 3 are in I, the set J can be partitioned into fewer than III 

consecutive sets of integers. Notice that II] < ISI <_ 3n 2 - 1. Thus IJ] > 3n3 - I I I  > 
( n -  1)(1I I - 1). It follows that  there are two members il  and i2 of I such that  
[ i2 -  1 ] -  [il] C J and i 2 - 1 - i l  >_ n. Clearly, there is a graph G k containing Hj as 

a subgraph for all j in [i2 - 1] - [ i l ] .  Let k' e {1,2,3} - {k}. Then it is clear that  

V(P k') does not meet any of V(Hj) for j in [i2 - 1] - [i1]. Let i~ E [i]] t3 {0} be 

maximum and i~ e [3n 3] - [i2 - 1] be minimum such that  both V(Hr ) and V(H~,2) 

meet V(Pk'). Now it is clear that the subgraph of G that consists of pk', subgraphs 

' " w i t h i ~ < j < i ~ h a s C n + l a s a m i n o r .  | Hj with i~ < j  <i~, and all edges ej, ej 

Let (G1, G2) be a 2-separation of a 2-connected graph G. Let V(G1)AV(G2)= 
{u,v}. Then, for i=1 ,2 ,  we define G* to be the graph obtained from Gi by adding 
a new edge between u and v. Furthermore, if H is a subgraph of G, then for each 

i in {1,2}, let H i be the subgraph of G* induced by V(H)AV(Gi) .  The following 
is an obvious observation. 

(2.7) Let (G1,G2) be a 2-separation of a 2-connected graph G. I[ H is a connected 

subgraph of G, then H i is a connected subgraph of G* if V ( H) ~ V ( Gi ) 7~ 0. 

(2.8) Let x and y be two vertices of a 2-connected graph G. Suppose that G has a 
2-separation (Ol, O2) separating x and y. Also,/or some positive integer k, suppose 
that G has a P~ minor between x and y. Let V(G1)NV(G2)= {u,v}. Then, /or 
some w in {u,v}, G* 1 has a Pkl minor between x and w, and a 2 has a Pk2 minor 
between w and y, where kl and k2 are nonnegative integers for which kl + k2 = k. 

Proof. Since G has a Pk minor between x and y, there exist vertex-disjoint 
connected subgraphs Ho,H1,.. . ,H k of G such that x E V(Ho), y e V(Hk), and 

for all i in [k], there are two edges e i',e{'' between V(Hi-1) and Y(Hi). We first 
prove the following. 

(1) If{e~,e~'}AE(G1)7~O, than {e~,ej}CE(G]) for allj  in [ i -1] .  

Let ei be a member of ' // {e i,e i }hE(G1)  and let ej be a member of I , {e j, ej } for 

some j in [ i -  1]. Since ei and ej are used in a double path minor between x and 

y, G must have an {x,y}-path P using both ei and ej. Let X, Y, and Z be the 

three connected components of P\{ei ,ej} .  If ej is not in E(G1), then X,  Y, and Z 

constitute a set of three mutually vertex-disjoint paths between V(G1) and V(G2). 
This is certainly impossible since (G1,G2) is a 2-separation. Therefore, ej must be 

in E(G1) and thus (1) is proved. 
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From (1) we conclude that there e x i s t s / i n  [k] such that  {e~,e;} C_ E(G1) for 

all j in [i-1],  and {e},e~{}CE(G2) for all j in [k]-[i]. Now we define kl as follows. 

I " NEG I f {e i , e i }  ( j)#Oforall j in{1,2},thenletkl=i.  If ' " %,e i }nE(Cj) for 
only one j in {1,2}, then let kl = i - j  + 1. It is straightforward to verify that  

el II (2) { e ~ l , e ~ l } N E ( a l ) ~ l ~ i f k l y ! 0 ,  and{ k t + l , e k , + l } A E ( G 2 ) T { 0  ifklSs 

Consequently, V(Hkl ) meets both V(Gt)  and V(G2). Therefore, V(Hkl)r 
{u,v} #~. Let w E V(HkI )r Now we prove that  G~ has a Pk~ minor between 

x and w. The proof of "G~ has a Pk-kl minor between w and y" is similar. 

Without loss of generality, let us assume that kl > 0 and e ~ E E(Gt) Then kl 
for each integer j with 0 _< j _< kl, we must have V(Hj) n V(Gt) # f]. This claim 

is clear i f j  = 0  because x is in V(Ho) NV(G1). If j is in [kl], then by (1) and 

our assumption that e'kl E E(G1), the edge ej' must be in E(G1).  Therefore, the 
! 

vertices of Hj that are incident with ej are in V(G~), as required. Now by (2.7), 

H 1, ... H I ' kl are connected subgraphs of G~. Since V(HJ)=V(Hj)AV(G1) for all 

j = 0 , 1 , . . . , k t ,  it follows that 

(3) e~ ~nd e~ ere between V ( H ) _ I )  and V(H~) for a]J j in [k 1 - i I ,  ~nd e'k, Js 

between V(H1 1) and V(Hlt). 

If e~  is in E(G1), then it is clear that the subgraph of G~ consisting of H01, . . . ,  

Htk~ and el,el, '  " . . . ,  e'h, e"k~ has a Ph minor between x and w. If e~  is in E(G2), 
then both V(IIh_l) and V(Hkl ) meet {u,v}. Therefore, the new edge e of G~ is 

between V(H1 t) and V(H~I ). Now it is clear that the subgraph of G~ consisting 

' " e' " e~ ,e has a Pkl minor between x and of H 1 , . . , , H ~ I  and e l , e l , . . .  , / q - l , % 1 - 1 ,  , 

w. The proof of (2.8) is complete. | 

Finally, we are ready to prove (2.1). 

P roof  of (2.1). We proceed by induction on rn. If m = 0, then there is no 2- 
separation separating x and y. It follows that G has three internally vertex-disjoint 
{x,y}-paths. Thus the result follows from (2.6). 

Suppose now there is at least one 2-separation separating x and y. Choose such 
a 2-separation (a~,a~) for which IV(Cl)I is minimum. Let 
Then, by (2.8), there is a vertex w in {u,v} such that  G~ has a Pk~ minor between x 

and w, and G~ has a Pk2 minor between w and y, where kl and k2 are nonnegative 

integers for which k l + k2 = 3na(m + 1). Clearly, we have 

(1) G~ and G~ are 2-connected, and 
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(2) G~ and G~ are minors of G. 

From the minimality of [Y(Ol)l, we also observe that  

(3) there is no 2-separation of G~ separating x and w. 

Furthermore, whenever (GI,1, GI,2), . . . ,  (Gk,1, Gk,2) is a nested sequence of 2- 

separations of G~ separating w and y, (G1, G2), (GI,1, G1,2), . . . ,  (Gk,1, Gk,2) must 
be a nested sequence of 2-separations of G separating x and y. Thus we conclude 
that  

(4) every nested sequence of 2-separations of G~ separating w and y has at most 
m - 1 terms. 

Since kl + k2 = 3na(m+ 1), we must have kl > 3n 3 or k2 >_ 3nam. But in either 
case, we deduce from (1), (3), (4), and our induction hypothesis that  G~ or G~ 

has Cn+l as a minor. Thus, by (2), G has Cn+l as a minor. The proof of (2.1) is 
complete. II 

3. A p r o o f  of  T h e o r e m  (1.1) 

Let el and e2 be two edges of a 2-connected graph G. Then a 2-separation 
(G1,G2) of G separates el and e2 if 

I{e~, e2} n E(G1)I = ]{el, e2} n E(G2)I = 1, 

and each ei is incident with at most one of the two vertices in V(G1)NV(G2). Let 
A be the graph obtained from K3 by adding a parallel edge. If G has A o r / ( 4  as a 
minor such that e I and e2 appear in the way as illustrated in Figure 4, then we say 
that  G has A(el ,e2) or K4(el,e2),  respectively, as a minor. We begin by proving 
the following lemma. 

el•2 el ~ e2 

Figure 4. A(el,e2) and K4(el,e2) 

(3.1) Let el and e2 be two non-parallel edges of a 2-connected graph G such that  
there are no 2-separations separate them. Suppose that G \ e is 2-connected for 
every edge e E E ( G ) -  {el,e2}. Then G has A(ex,e2) or K4(el ,e2) as a minor. 

Proof. Since G is 2-connected, there must be a circuit C of G containing both 
e I and e2. Let X and Y be the two paths obtained from C by deleting el and 
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e2. Let Xl,.. . ,Xm be all vertices of X and let Yl,...,Yn be all vertices of Y, where 
the vertices are listed in the order as they appear in the paths. Without  loss of 
generality, let us assume that e I --XlYl and e2 =XmYn. 

A subgraph H of G is a bridge (with respect to C) if either H consists of a 
single edge of E ( G ) - E ( C )  for which the end-vertices are in V(C),  or H is obtained 
from a connected component J of G - V ( C )  by adding all edges between V(C) and 
Y(J) .  Vertices in V(C)A  V(H) shall be called the attachments of H. Since G is 
2-connected, G has no bridge with fewer than two attachments. Suppose G has a 
bridge H for which there are two attachments u and v such that  {u,v} C V ( X )  or 
{u, v} C V(Y) .  Let P be a {u, v}-path of H. Then it is easy to see that  the subgraph 
of G consisting of C and P has A(el ,e2) as a minor. Thus, we may assume that  

(1) every bridge has exactly two attachments, one is in V (X)  and one is in V(Y) .  

A bridge H is called an (i,j)-bridge if x{ and yj are the two attachments of 
H. Since el and e2 are not in parallel, C must have an edge e other than el and 
e2. By the assumption of (3.1), G \ e  is 2-connected. It follows that  G has an ( i , j ) -  

bridge H for which ( / , j ) ~  (1,1) or (re,n). Let ~1 be the set of (i ' , j ' )-bridges for 

which i' _< i and 3" -< J. Also, let ~2 be the set of ( i ' ,y)-bridges for which i t >_ i, 
j ' _>j ,  and i ' + j ' > i + j .  Now we show that there is a bridge not in ~ 1 U ~ 2 .  Let 

k E {1, 2}. Then let C k be the {xi, yj }-path of C for which e k E E(Ck). Also, let G} 

be the subgraph of G that  consists of C k and the bridges in ~k.  Clearly, (G1,G2) 
would be a 2-separation of G that separates el and e2 if there are no other bridges. 
Therefore, there is an ( i ' ,y)-bridge H '  such that  ( i ' - i ) ( j ' - j )  < 0. Let P be an 

{xi, yj }-path of H and let P '  be an {xi,, yj, }-path of H' .  Then it is easy to see that  

the subgraph of G that  consists of C, P,  and pt  has K4(el,e2) as a minor. The 
proof of (3.1) is complete. | 

The next is another lemma we need in proving our main result. 

(3.2) Let G be a 2-connected graph such that G \ e is still 2-connected for every 
edge e of G. Suppose that G has a nested sequence of 2-separations with at least 
2 n -  1 terms, where n is an integer exceeding one. Then G has Cn+ l or Ln+ l as a 
minor. 

Proof. Choose a nested sequence (Gl,l,G1,2), . . . ,  (Gin,l, Gin,2) of 2-separations of 
G such that m is maximum. Intuitively, these 2-separations separate G into m +  1 
graphs, each of which is a minor of G. We shall make it more precise as follows. Let 
H I - G *  and let - * - 1,1 Hm+l -Gin,  2. Then, for each i in [m-l] ,  let V} = Y(Gi3)nV(Gi2)  

and let Hi+l be the graph obtained from (G*+I,I\E(Gi,1))-(V(Gi,1)-Vi) by adding 

an edge between the two vertices ui and vi of ~ .  Furthermore, for each Hi, we 
choose two edges from it as follows. Suppose i--1.  First, let el,1 be an edge of H1 

that  is between ul and Vl. Since V(H1)r  the graph H1 must have an edge not 
parallel to el,1. Let el,2 be such an edge. If i = m + l ,  then el, 1 and el,2 are chosen 
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similarly. If i is between 1 and r e + l ,  let ei, 1 be an edge of Hi between ui_ 1 and 
Vi_l, and let ei, 2 be an edge of Hi between ui and vi. 

Let us consider the graph Hi. Since G is 2-connected, it is clear that  Hi is 
also 2-connected. From the definition of a nested sequence of 2-separations and the 
choice of each ei,j we conclude that  ei,1 and ei,2 are not parallel. In addition, we 
deduce from the maximali ty of m that  H i does not have a 2-separation separating 
ei,1 and ei,2. Since G\e is 2-connected for every edge e of G, it follows that  Hi\e 
is also 2-connected for every edged e in E(Hi)-{ei,1, ei,2}. Therefore, we conclude 

from (3.1) that  Hi has A(ei,l,ei,2) or I(4(ei,l,ei,2) as a minor. 

Let ml  be the number of indices i for which Hi has A(ei,l,ei,2) as a minor. If 
m l  > n + l ,  then it is clear that  G has Cn+l as a minor. Thus we may assume that  
m l  < n .  Since m>_2n-1, it follows that  there are at least n indices i for which Hi 
has K4(ei,l,ei,2) as a minor. In this case, clearly, G has Ln+l as a minor. | 

We also need the following immediate corollary of (1.6) and (4.3) of [5]. 

(3.3) For every positive integer k there exist positive integers a k and/9k having the 
following property. I r a  gaph G does not have Pk as a minor, then a( G)<_ [V(G)[+ 

~klE(a)l zk. 

Proof  of (1.1). The "only if '  part  is clear and so we only need to consider the "ifl' 
part.  Let n be an integer exceeding one such that  Cn+l and Ln+l are not in $. 

Let a = O~3nZ(2n_l) and /9 =/93n3(2n_l). Let p(x)= a x  ;3+1. We shall prove that  

c(G) <_p(IE(G)I) for all graphs G in ~. 

We proceed by induction on IV(G)] + [E(G)I. The result is clear if [V(G)[ + 
]E(G)I = 0 and hence we shall assume that  IV(G)] + [E(G)[ > 0. If G is not 2- 
connected, let G1 , . . . ,Gt  be its maximal 2-connected subgraphs. Clearly, c ( G ) =  
c(G1) + . . .  +c (Gt )  and (E(G1) , . . . ,E(G~))  is a parti t ion of E(G). Since/9 >_ 1, we 
conclude from our induction hypothesis that  

c(G) < ~IE(Gx)[ ~+1 + . . .  + aIE(G~)I z+x _ p(IE(G)I), 

as required. 

Now let us assume that  G is 2-connected. If G has an edge e for which G \ e  is 
not 2-connected, then it is not difficult to see that  c ( G ) = c ( G / e ) .  Again, the result 
follows from our induction hypothesis. Thus we may assume that  for every edge e 
of G, the graph G\e is still 2-connected. 

Since Cn+l and Ln+l are not in ~ and ~ is minor-closed, G does not have 
Cn+l or Ln+l as a minor. I t  follows from (3.2) tha t  no nested sequence of 2- 
separations of G can have 2 n - 1  terms. Thus we deduce from (2.1) that  G does not 
have Pan3(2n_l) as a minor. From (3.3) and our choice of a and/3  we know that  

a(G) < IV(G)t +alE(G)l/~. But every vertex of G is a path  of G, so G has at most 

a lE(G)[  ~ paths P for which E(P)#~. 
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For each circuit C of G, let us fix an edge e C of C. Clearly, since c~ and/3 are 
positive integers, we may assume that G is not a loop. Suppose that each set of 
parallel edges of G has at most k members. Then for every path P with E(P)  r  
it is clear that  G has at most k circuits C for which P = C \ ec .  Therefore, 

c(G) <_ katE(G)l  ~ <_p(IE(G)I), as we wanted. | 
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